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In Finsler geometry, each point of a base manifold can be endowed with coordinates describing its position as well as a set of one or
more vectors describing directions, for example. The associated metric tensor may generally depend on direction as well as position,
and a number of connections emerge associated with various covariant derivatives involving affine and nonlinear coefficients.
Finsler geometry encompasses Riemannian, Euclidean, and Minkowskian geometries as special cases, and thus it affords great
generality for describing a number of phenomena in physics. Here, descriptions of finite deformation of continuous media are of
primary focus. After a review of necessary mathematical definitions and derivations, prior work involving application of Finsler
geometry in continuum mechanics of solids is reviewed. A new theoretical description of continua with microstructure is then

outlined, merging concepts from Finsler geometry and phase field theories of materials science.

1. Introduction

Mechanical behavior of homogeneous isotropic elastic solids
can be described by constitutive models that depend only
on local deformation, for example, some metric or strain
tensor that may generally vary with position in a body.
Materials with microstructure require more elaborate consti-
tutive models, for example, describing lattice orientation in
anisotropic crystals, dislocation mechanisms in elastic-plastic
crystals, or cracks or voids in damaged brittle or ductile
solids. In conventional continuum mechanics approaches,
such models typically assign one or more time- and position-
dependent vector(s) or higher-order tensor(s), in addition
to total deformation or strain, that describe physical mech-
anisms associated with evolving internal structure.
Mathematically, in classical continuum physics [1-3],
geometric field variables describing behavior of a simply con-
nected region of a body depend fundamentally only on ref-
erential and spatial coordinate charts {X%} and {x} (A,a =
1,2,...n)related by a diffeomorphism x = ¢(X, t), with x and

X denoting corresponding points on the spatial and material
manifolds covered by corresponding chart(s) and ¢ denoting
time. State variables entering response functions depend
ultimately only on material points and relative changes in
their position (e.g., deformation gradients of first order
and possibly higher orders for strain gradient-type models
[4]). Geometric objects such as metric tensors, connection
coeflicients, curvature tensors, and anholonomic objects [5]
also depend ultimately only on position. This is true in
conventional nonlinear elasticity and plasticity theories [1, 6],
as well as geometric theories incorporating torsion and/or
curvature tensors associated with crystal defects, for example
[7-15]. In these classical theories, the metric tensor is always
Riemannian (i.e., essentially dependent only upon x or X
in the spatial or material setting), meaning the length of a
differential line element depends only on position; however,
torsion, curvature, and/or covariant derivatives of the metric
need not always vanish if the material contains various
kinds of defects (non-Euclidean geometry). Connections are
linear (i.e., afhine). Gauge field descriptions in the context of
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Riemannian metrics and affine connections include (16, 17].
Relevant references in geometry and mathematical physics
include [18-26], in addition to those already mentioned.
Finite deformation director theories of micropolar type are
addressed in the context of Riemannian (as opposed to
Finslerian) metrics in [1, 27].

Finsler geometry, first attributed to Finsler in 1918 [28],
is more general than Riemannian geometry in the sense that
the fundamental (metric) tensor generally may depend on
additional independent variables, labeled here as y and Y
in spatial and material configurations, with corresponding
generalized coordinates {y} and {Y*}. Formal definitions
will be given later in this paper; for the present immediate
discussion, it suffices to mention that each point can be con-
sidered endowed with additional degrees-of-freedom beyond
x or X and that transformation laws among coordinates as
well as connection coefficients (i.e., covariant differentials)
generally depend on y or Y as well as x or X. Relevant
references in mathematics include [29-32]. For descriptions
of mechanics of solids, additional degrees-of-freedom can be
associated with evolving features of the microstructure of the
material, though more general physical interpretations are
possible.

The use of Finsler geometry to describe continuum
mechanical behavior of solids was perhaps first noted by
Kroner in 1968 [33] and Eringen in 1971 [3], the latter
reference incorporating some basic identities and definitions
derived primarily by Cartan [34], though neither devel-
oped a Finsler-based framework more specifically directed
towards mechanics of continua. The first theory of Finsler
geometry applied to continuum mechanics of solids with
microstructure appears to be the purely kinematic theory of
Ikeda [35], in a generalization of Cosserat-type kinematics
whereby additional degrees-of-freedom are director vectors
linked to structure. This theory was essentially extended by
Bejancu [30] to distinguish among horizontal and vertical
distributions of the fiber bundle of a deforming pseudo-
Finslerian total space. More complete theories incorporating
a Lagrangian functional (leading to physical balance or
conservation laws) and couched in terms of Finsler geom-
etry were developed by Saczuk, Stumpf, and colleagues for
describing solids undergoing inelastic deformation mecha-
nisms associated with plasticity and/or damage [36-40]. To
the author’s knowledge, solution of a boundary value problem
in solid mechanics using Finsler geometric theory has only
been reported once, in [38]. Finsler geometry has been
analogously used to generalize fundamental descriptions
in other disciplines of physics such as electromagnetism,
quantum theory, and gravitation [30, 41-43].

This paper is organized as follows. In Section 2, requisite
mathematical background on Finsler geometry (sometimes
called Riemann-Finsler geometry [31]) is summarized. In
Section 3, the aforementioned theories from continuum
physics of solids [30, 35-38, 40] are reviewed and compared.
In Section 4, aspects of a new theory, with a primary intention
of description of structural transformation processes in real
materials, are proposed and evaluated. Conclusions follow in
Section 5.
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2. Finsler Geometry: Background

Notation used in the present section applies to a referential
description, that is, the initial state; analogous formulae apply
for a spatial description, that is, a deformed body.

2.1. Coordinates and Fundamentals. Denote by M an n-
dimensional C* manifold. Each element (of support) of M is
of the form (X,Y), where X € M and Y € TM, with TM the
tangent bundle of M. A Finsler structure of M is a function
L:TM — [0, co) with the following three properties [31]:

(i) The fundamental function L is C*° on TM \ 0;
(if) L(X,AY) = AL(X,Y) VA > 0 (i.e,, L is homogeneous
of degree one in Y);

(iii) the fundamental tensor G5 = (1 /2)0*(L?) /oY oy®
is positive definite at every point of TM \ 0.

Restriction of L to a particular tangent space Tx M gives rise
to a (local) Minkowski norm

L*(Y) = G (V) YAY®, ey

which follows from Euler’s theorem and the identity

LO°L oL oL
G = = —_— — . 2
4B = SyagyB (aYA> (aYB> @

Specifically letting Y* — dX*, the length of a differential
line element at X depends in general on both X and Y as

14X (X, V)] = VAX - dX =[G, (X, V) dX4dx?]* . )

A Finsler manifold (M, F) reduces to a Minkowskian man-
ifold when L does not depend on X and to a Riemannian
manifold when L does not depend on Y. In the latter
case, a Riemannian metric tensor is G AB(X)dXA ® dx®.
Cartan’s tensor, with the following fully symmetric covariant
components, is defined for use later:

ABC T2 9YC T 40Y40YBOYC’

Consider now a coordinate transformation to another
chart on M; for example,

X4 =X (XN X2

" ca [0X4
,X), YA=<W>YB. (5)

From the chain rule, holonomic basis vectors on TM then
transform as [30, 31]

B 2~ B
L = aéi + %}‘;Ci, (6)
0XA 0XA0XB 5X49XC oYB
o ox% o
— = (7)

74 = oxh Y
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2.2. Connections and Differentiation. Christoffel symbols of
the second kind derived from the symmetric fundamental
tensor are

G oG G
A BD CD _ BC > ) (8)

_Lgan < +
Yec =5 oxC T oxB ~ axP

Lowering and raising of indices are enabled via G 45 and its

inverse G*. Nonlinear connection coefficients on TM \ 0 are
defined as

NA = AyC_cA CYDYE:lg 9)
B = VBC BCYDE 2 9YB’
where G* = y5.YPYC. The following nonholonomic bases
are then introduced:

1) 0 B 0 A A A B
M—AZW—NABW, 0Y" =dy +NBdX. (10)
It can be shown that unlike (6), these nonholonomic
bases obey simple transformation laws like (7). The set
{6/6X*,0/0Y*} serves as a convenient local basis for T(TM \
0); its dual set {dX*, 64} applies for the cotangent bundle
T*(TM \ 0). A natural Riemannian metric can then be
introduced, called a Sasaki metric [31]:

G(X,Y) = G pdX? @dX® + G z0v* @ 6Y". (1)

The horizontal subspace spanned by {§/8X*} is orthogonal
to the vertical subspace spanned by {0/0Y®} with respect to
this metric. Covariant derivative V, or collectively connection
1-forms wg, define a linear connection on pulled-back bundle
7" TM over TM \ 0. Letting v denote an arbitrary direction,
Vel sl ()0, VdXA =~ () dXE. (12)
v X A A X B’ v B .
A number of linear connections have been introduced in
the Finsler literature [30, 31]. The Chern-Rund connection
[29, 44] is used most frequently in applications related to
the present paper. It is a unique linear connection on 7" TM
characterized by the structural equations [31]

d(dx*)-dx® nwp =0,
(13)
dG 45— Gpew$ — G 4o = 2C 15 0YC.

The first structure equation implies torsion freeness and
results in

A A 3uC A A
wy = TepdXT, Tpe = Igg. (14)
The second leads to the connection coefficients

i - lGAD <5GBD 0Gep 5GBC>_

+ 15
2 0X¢ = oxB  oXxP 15
When a Finsler manifold degenerates to a Riemannian
manifold, Nj = 0and T = yj. Cartan’s connection I-forms
are defined by wj + C,0Y" where wjj correspond to (14);
its coordinate formulae and properties are listed in [3]. It has

been shown [45] how components of Cartan’s connection on
a Finsler manifold can be obtained as the induced connection
of an enveloping space (with torsion) of dimension 2xn. When
a Finsler manifold degenerates to a locally Minkowski space
(L independent of X), then T = yp- = 0. Gradients of
bases with respect to the Chern-Rund connection and Cartan
tensor are

1) C é 0 C d

Vojoxr 5y = Lpgxer Versxs 5y5 = Capgye- (10)

As an example of covariant differentiation on a Finsler
manifold with Chern-Rund connection V, consider a (})

tensor field T = Tf;‘(a/aXA) ® dX® on the manifold TM \ 0.
The covariant differential of T(X,Y) is

(VT)y = dTj + Tywe - Thws
A C A C
= TpcdX™ + T c0Y

A A
= (VajoxeT) dX + (VajoyeT); 6Y©

8’1—? DA AD C aTl? C
=<M_C+TBFCD_TDFCB dx- + F oY .

17)

Notations ()4 and (-);4 denote respective horizontal and
vertical covariant derivatives with respect to V.

2.3. Geometric Quantities and Identities. Focusing again on
the Chern-Rund connection V, curvature 2-forms are

Qp =d(wy) - 05 Aw)
1
= 5Rj;CDdXC NdXP + PhopdXC ASYP (1)
1
+ EQg‘CD&/C ASYP,

with d(-) the exterior derivative and A the wedge product (no
factor of 1/2). HH-, HV-, and VV-curvature tensors of the
Chern-Rund connection have respective components

F) IS
A BD BC | 1A -E A E
Rpep = 5XC  oxD + Tpclgp = Teplpes )
A arﬁc A
Ppep = _BY_D’ Qpcp = 0.

VV-curvature vanishes, HV-curvature obeys P;CD = P(‘?BD,
and a Bianchi identity for HH-curvature is

A A A
Rpep + Repg + Rppe = 0. (20)

When a Finsler manifold degenerates to a Riemannian
manifold, then R, become the components of the usual
curvature tensor of Riemannian geometry constructed from
Voo and Py = 0. All curvatures vanish in locally
Minkowski spaces. It is not always possible to embed a Finsler



space in a Riemannian space without torsion, but it is possible
to determine the metric and torsion tensors of a space of
dimension 2n — 1 in such a way that any n-dimensional
Finsler space is a nonholonomic subspace of such a space with
torsion [46].

Nonholonomicity (i.e., nonintegrability) of the horizontal
distribution is measured by [32]

(R ONG ONG\ @ e 2
OXA’6XB | \ 6XB  6XA ) oyC T ABgyC’

where [+, -] is the Lie bracket and ACAB can be interpreted as
components of a torsion tensor [30]. For the Chern-Rund
connection [31],

C C D
Ajp = —RpupY . (22)

Since Lie bracket (21) is strictly vertical, the horizontal
distribution spanned by {0 /8X*} is not involutive [31].

3. Applications in Solid Mechanics: 1973-2003

3.1. Early Director Theory. The first application of Finsler
geometry to finite deformation continuum mechanics is
credited to Ikeda [35], who developed a director theory in the
context of (pseudo-) Finslerian manifolds. A slightly earlier
work [47] considered a generalized space (not necessarily
Finslerian) comprised of finitely deforming physical and
geometrical fields. Paper [35] is focused on kinematics and
geometry: descriptions of deformations of the continuum
and the director vector fields and their possible interactions,
metric tensors (i.e., fundamental tensors), and gradients of
motions. Covariant differentials are defined that can be used
in field theories of Finsler space [41, 48]. Essential concepts
from [35] are reviewed and analyzed next.

Let M denote a pseudo-Finsler manifold in the sense of
[35], representative of a material body with microstructure.
Let X € M denote a material point with coordinate chart
{X*}, (A = 1,2, 3) covering the body in its undeformed state.
A set of director vectors D, is attached to each X, where
(¢ = 1,2,..., p). In component form, directors are written
{Dé‘x)}. In the context of notation in Section 2, M is similar

to a Finsler manifold with Y* — Df}x), though the director
theory involves more degrees-of-freedom when p > 1,and no
fundamental function is necessarily introduced. Let x denote
the spatial location in a deformed body of a point initially
at X, and let d,, denote a deformed director vector. The
deformation process is described by (a = 1,2, 3)

xt=x(XT), diy =iy [Pl (X°)] = diy (X°).

(o) =
(23)
The deformation gradient and its inverse are
a A
a_ O 14 _ OX° (24)
AT ox4 a 0x®
The following decoupled transformations are posited:
A A
dx“ = deX s d?a) = BZD((X); (25)
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with BY = B} (X). Differentiating the second of (25),
dd((l“) = E?OC)AdXA = (BaB:ADﬁx) + Bnga):A) dXA’ (26)

where (-)., denotes the total covariant derivative [20, 26].
Differential line and director elements can be related by

ddf,y = fiypdx” = F,AEL 4dx". (27)

Let G4p(X) denote the metric in the reference con-
figuration, such that d$> = dX*G,zdX" is a measure
of length (G,z = &, for Cartesian coordinates {X}).
Fundamental tensors in the spatial frame describing strains
of the continuum and directors are

C., = F;IAGABFb—lB’ C;o;ﬁ) _ E—IAGABE(*;)E;J' (28)

(a)a

—A —
Let I'p. and I‘Zy denote coefficients of linear connections
associated with continuum and director fields, related by

—=A
BC

A ~PB) T A (@)
D(“)DB DC Fﬁy + D(a)DCOfB, (29)
where D&Dg") = 6’; and D&)DS‘) = 82. The covariant
differential of a referential vector field V, where locally
V(X) € TxyM, with respect to this connection is

(W)" = av4 + T vCax®; (30)

the covariant differential of a spatial vector field v, where
locally v(x) € T, M, is defined as

(ﬁv)a =dv® + f:cvcdxb + fl(::)avcdxh, (31)

with, for example, the differential of v*(x, d,)) given by dv* =
(0v°/0x")dx" + (9v°/ adi’“))dd?“). Euler-Schouten tensors are

Hé?)a =F ZE(_‘xl)IZb’ KL(::)(Z = EaF, c_:;A‘ (32)
Ikeda [35] implies that fundamental variables entering a
field theory for directed media should include the set
(F,B,E,H,K). Given the fields in (23), the kinematic-
geometric theory is fully determined once T';, are defined.
The latter coefficients can be related to defect content in
a crystal. For example, setting fgy = 0 results in distant
parallelism associated with dislocation theory [7], in which
case (29) gives the negative of the wryness tensor; more
general theory is needed, however, to represent disclination
defects [49] or other general sources of incompatibility [6,
50] requiring a nonvanishing curvature tensor. The directors
themselves can be related to lattice directions, slip vectors in
crystal plasticity [51, 52], preferred directions for twinning
[6, 53], or planes intrinsically prone to cleavage fracture [54],
for example. Applications of multifield theory [47] towards
multiscale descriptions of crystal plasticity [50, 55] are also
possible.



Advances in Mathematical Physics

3.2. Kinematics and Gauge Theory on a Fiber Bundle. The
second known application of Finsler geometry towards finite
deformation of solid bodies appears in Chapter 8 of the book
of Bejancu [30]. Content in [30] extends and formalizes the
description of Ikeda [35] using concepts of tensor calculus on
the fiber bundle of a (generalized pseudo-) Finsler manifold.
Geometric quantities appropriate for use in gauge-invariant
Lagrangian functions are derived. Relevant features of the
theory in [30] are reviewed and analyzed in what follows next.

Define { = (Z,7m, M, U) as a fiber bundle of total space
Z, where m : Z — M is the projection to base manifold
M and U is the fiber. Dimensions of M and U are n (n = 3
for a solid volume) and p, respectively; the dimension of Z is
r = n + p. Coordinates on Z are {X4, D%}, where X € M
is a point on the base body in its reference configuration,
and D is a director of dimension p that essentially replaces
multiple directors of dimension 3 considered in Section 3.1.
The natural basis on Z is the field of frames {0/0X*,9/0D*}.
Let N (X, D) denote nonlinear connection coefficients on Z,
and introduce the nonholonomic bases

1) 0 o d o o o A
0 = 9 _N* 9 5D%=dD"+NYX*. (33
oXA ~ oxA VAjpe T )

Unlike {0/0X*}, these nonholonomic bases obey simple
transformation laws; {8/6X*,3/0D%} serves as a convenient
local basis for TZ adapted to a decomposition into horizontal
and vertical distributions:

TZ=HZe&VZ. (34)

Dual set {dX*, 8D} is a local basis on T*Z. A fundamental
tensor (i.e., metric) for the undeformed state is

G (X,D) = G5 (X,D)dX" @ dX®
(35)
+Gyg (X, D) D% © 6DF.

Let V denote covariant differentiation with respect to a
connection on the vector bundles HZ and VZ, with

é c 0 0 0
Vs/ax/‘ﬁ =lasgye VB/@X‘“W = Ci"‘aﬁ; (36)
é g 6 0 0
Vojorr 5xa = Gangxs  Vonrrspp = Xespt O7)

Consider a horizontal vector field V = V4(8/6X?) and a
vertical vector field W = W*(9/0D%). Horizontal and vertical
covariant derivatives are defined as

ovA SW*®
A A {,C o« _ « 7B,
|B_ﬁ+FBCV’ MB_W-’—CBﬁW’
. (38)
SV ow*«
A A y,C o o 5
8= 5p8 FBV > Wig = SpE s

Generalization to higher-order tensor fields is given in [30].
In particular, the following coefficients are assigned to the so-
called gauge H-connection on Z:

r4 _ Loap <5GBD N 0Gep 8GBC)
BC 2 8XC¢  8xXP  oxP )’
o ON A A
Chs=5pi =0 69
a _ 1 G0 0Ggs  0Gys _ 9Gg,
Xy =57 \apr " opf " apo )

Comparing with the formal theory of Finsler geometry
outlined in Section 2, coefficients I} are analogous to those
of the Chern-Rund connection, and (36) is analogous to
(16). The generalized pseudo-Finslerian description of [30]
reduces to Finsler geometry of [31] when p = # and a
fundamental function L exists from which metric tensors and
nonlinear connection coeflicients can be derived.

Let QX (X, D) denote a set of differentiable state variables,
where K = 1,2,...,7. A Lagrangian function £ of the
following form is considered on Z:

x 0Q° 2Q"
> 8XA’ oD*

Let Q) be a compact domain of Z, and define the functional
(action integral)

L(X,D) =& [GAB,GaB,Q (40)

1(Q) = j Q(X,D)dX"---ANdX" AdD"--- AdD?,
Q
(41)
_ 1/2
2 = [|det (Gp) Il det (G)|] &
Euler-Lagrange equations referred to the reference configu-
ration follow from the variational principle 61 = 0:
o8 _ 0 og AN B
QK — 0Xx4 | 9(0QK/ax4) |  oD* | 0 (0QK/oD*)
(42)

These can be rewritten as invariant conservation laws involv-
ing horizontal and vertical covariant derivatives with respect
to the gauge-H connection [30].

Let ' = (Z',n',M',U") be the deformed image of
fiber bundle {, representative of deformed geometry of the
body, for example. Dimensions of M' and U’ are n and p»
respectively; the dimension of Z' is r = n+ p. Coordinates on

!
7' are {x*,d“ }, where x € M' is a point on the base body in
its current configuration, and d is a director of dimension p.
The natural basis on Z' is the field of frames {0/0x%, 9/9d* }.
!
Let NZ‘ (x, d) denote nonlinear connection coefficients on Z’,
and introduce the nonholonomic bases

5 2 ' . ) )

= -NY —, 8d* =dd* + N dx". (43)
ox*  Ox® ¢ od« a
These nonholonomic bases obey simple transformation laws;

{6/6x“,a/ad“’} serves as a convenient local basis for TZ'
where

7' =HZ o VZ'. (44)



Dual set {dx“,&d“,} is a local basis on T*Z'. Deformation
of (Z, M) to (Z', M") is dictated by diffeomorphisms in local
coordinates:

x=x(xY),  a¥ =By (x)D". (45)
Let the usual (horizontal) deformation gradient and its
inverse have components

ox” —1A BXA (4
a _ 9% _ i 6)
) G a x4
It follows from (45) that, similar to (6) and (7),
BB“
L -, 9] DF_9_ 0 9
ox4 o0x*® 8XA od* (47)
0 "0
=B —.
oD* * 9dP

Nonlinear connection coefficients on Z and Z' can be related
by

a/
NYF = NPp¥ <aBﬂ >D‘8 (48)
a AT VATB axA

Metric tensor components on Z and Z' can be related by

G FoFS = G up, GupBi BY =Gy (49)

Linear connection coefficients on Z and Z' can be related by

JF%

b A
FZCFBFé = rBCFZ T oxB’

!
o

R e
ap' = A%y ayBy OXA’ (50)

a Fszx' _ B hd
Cvtabp = Cpal'ps

Xg’5’B$ Bg = Xy -

Using the above transformations, a complete gauge H-
connection can be obtained for Z' from reference quantities
on Z if the deformation functions in (45) are known. A
Lagrangian can then be constructed analogously to (40), and
Euler-Lagrange equations for the current configuration of
the body can be derived from a variational principle where
the action integral is taken over the deformed space. In
application of pseudo-Finslerian fiber bundle theory similar
to that outlined above, Fu et al. [37] associate d with the
director of an oriented area element that may be degraded
in strength due to damage processes such as fracture or void
growth in the material. See also related work in [39].

3.3. Recent Theories in Damage Mechanics and Finite Plastic-
ity. Saczuk et al. [36, 38, 40] adapted a generalized version of
pseudo-Finsler geometry similar to the fiber bundle approach
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of [30] and Section 3.2 to describe mechanics of solids with
microstructure undergoing finite elastic-plastic or elastic-
damage deformations. Key new contributions of these works
include definitions of total deformation gradients consist-
ing of horizontal and vertical components and Lagrangian
functions with corresponding energy functionals dependent
on total deformations and possibly other state variables.
Constitutive relations and balance equations are then derived
from variations of such functionals. Essential details are
compared and analyzed in the following discussion. Notation
usually follows that of Section 3.2, with a few generalizations
defined as they appear.

Define { = (Z,7, M, U) as a fiber bundle of total space
Z, where m : Z — M is the projection to base manifold
M and U is the fiber. Dimensions of M and U are 3 and p,
respectively; the dimension of Z is ¥ = 3 + p. Coordinates
on Z are {X*, D*}, where X € M is a point on the base body
in its reference configuration, and D is a vector of dimension
p.Let {' = (Z',n',M',U’") be the deformed image of fiber
bundle {; dimensions of M’ and U’ are 3 and p, respectively;
the dimension of Z' is r = 3 + p. Coordinates on Z' are
{x“,d“,}, where x € M' is a point on the base body in
its current configuration, and d is a vector of dimension p.
Tangent bundles can be expressed as direct sums of horizontal
and vertical distributions:

TZ =HZ&VZ, 17 =HZ & VZ'. (51)

Deformation of Z to Z' is locally represented by the smooth
and invertible coordinate transformations

x*=x" (XA, Da) , a° = Bz,DB, (52)
where in general the director deformation map [38]
Bj =B} (X,D). (53)

Total deformation gradient § : TZ — TZ' is defined as

F=F+E=xl,—— @dX*+xi6f —§ ©D% (4

In component form, its horizontal and vertical parts are

—a . 6x

Cqa
A = xlA (SXA FAC(S 6 C,
9y (55)
=p ! X B oAqaoC '
FP = xj 08 = (aDa +Ch 80880 xC) 8.

To eliminate further excessive use of Kronecker deltas, let
p = 3, D% = &/D% and d° = §%d". Introducing
a fundamental Finsler function L(X,D) with properties
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described in Section 2.1 (Y — D), the following definitions
hold [38]:

o 1)
AB ™ 2 0DAODP’
A _1 AD<aGBD + 9Gep aGBC),
Yec = 5 oxC T oxE  axP )’
A
Nj = %ZGF’ G* = yi.D"DS;
(56)
_10Gup 1 83(L2) .
ABC ™ 2 0DC 4 9DAdDBODC’
4 _ lGAD((SGBD + 0Gep 6GBC>_
BC o 8XC ~ 8xB  sxP )’
O _ 9 _\p0 8D* = dD* + N dx”.

SXA ~ 0XA  TAQDB’

Notice that Tj. correspond to the Chern-Rund connection
and C,pe to the Cartan tensor. In [36], D is presumed
stationary (Bg, — 62,) and is associated with a residual
plastic disturbance, C 45 is remarked to be associated with
dislocation density, and the HV-curvature tensor of Tj- (e.g.,
P;CD of (19)) is remarked to be associated with disclination
density. In [38], B is associated with lattice distortion and L?
with residual strain energy density of the dislocation density
[6, 56]. In [40], a fundamental function and connection
coefficients are not defined explicitly, leaving the theory open
to generalization. Note also that (52) is more general than
(45). When the latter holds and Fﬁc = 0,then § — F, the
usual deformation gradient of continuum mechanics.

Restricting attention to the time-independent case, a
Lagrangian is posited of the form

(X, D)
=2[X,D,x(X,D),F (X,D),Q(X,D),VQ(X,D)],
(57)
where Q is a generic vector of state variables and V denotes a
generic gradient that may include partial, horizontal, and/or
vertical covariant derivatives in the reference configuration

as physically and mathematically appropriate. Let Q be a
compact domain of Z, and define

I(Q)=I Q(X,D)dX"---ANdX"AdD"--- AdDP?,
Q

(58)
_ 1/2
2- [|det (Goap)| ] 2.

det (i . i)
XA oxP

Euler-Lagrange equations referred to the reference configura-
tion follow from the variational principle 6I = 0 analogously

to (42). Conjugate forces to variations in kinematic and state
variables can be defined as derivatives of 8 with respect
to these variables. Time dependence, dissipation, first and
second laws of thermodynamics, and temperature effects are
also considered in [38, 40]; details are beyond the scope of this
review. In the only known application of Finsler geometry to
solve a boundary value problem in the context of mechanics
of solids with microstructure, Stumpf and Saczuk [38] use
the theory outlined above to study localization of plastic slip
in a bar loaded in tension, with D* specifying a preferred
material direction for slip. In [40], various choices of Q and
its gradient are considered in particular energy functions, for
example, state variables associated with gradients of damage
parameters or void volume fractions.

4. Towards a New Theory of Structured Media

4.1. Background and Scope. In Section 4 it is shown how
Finsler geometry can be applied to describe physical prob-
lems in deformable continua with evolving microstructures
in a manner somewhat analogous to the phase field method.
Phase field theory [57] encompasses various diffuse interface
models wherein the boundary between two (or more) phases
or states of material is distinguished by the gradient of a scalar
field called an order parameter. The order parameter, denoted
herein by #, typically varies continuously between values of
zero and unity in phases one and two, with intermediate
values in phase boundaries. Mathematically,

n(X)=0 VX € phase 1,
nX)=1
n(X) € (0,1)

Physically, phases might correspond to liquid and solid
in melting-solidification problems, austenite and martensite
in structure transformations, vacuum and intact solid in
fracture mechanics, or twin and parent crystal in twinning
descriptions. Similarities between phase field theory and
gradient-type theories of continuum mechanics are described
in [58]; both classes of theory benefit from regularization
associated with a length scale dependence of solutions that
can render numerical solutions to governing equations mesh
independent. Recent phase field theories incorporating finite
deformation kinematics include [59] for martensitic trans-
formations, [54] for fracture, [60] for amorphization, and
[53] for twinning. The latter (i.e., deformation twinning) is
the focus of a more specific description that follows later in
Section 4.3 of this paper, though it is anticipated that the
Finsler-type description could be adapted straightforwardly
to describe other deformation physics.

Deformation twinning involves shearing and lattice rota-
tion/reflection induced by mechanical stress in a solid crystal.
The usual elastic driving force is a resolved shear stress on
the habit plane, in the direction of twinning shear. Twinning
can be reversible or irreversible depending on material and
loading protocol; the physics of deformation twinning is
described more fully in [61] and Chapter 8 of [6]. Theory that
follows in Section 4.2 is thought to be the first to recognize

VX € phase 2, (59)

VX € interface.



analogies between phase field theory and Finsler geometry
and that in Section 4.3 the first to apply Finsler geometric
concepts to model deformation twinning. Notation follows
that of Section 3.2 and Section 3.3 with possible exceptions
highlighted as they appear.

4.2. Finsler Geometry and Kinematics. As in Section 3.3,
define { = (Z,7,M,U) as a fiber bundle of total space Z
with 77 : Z — M. Considered is a three-dimensional solid
body with state vector D: dimensions of M and U are 3;
the dimension of Z is 6. Coordinates on Z are {X*, D"},
(A = 1,2,3), where X € M is a point on the base body
in its reference configuration. Let { = (2, 7',M',U") be
the deformed image of fiber bundle {; dimensions of M
and U’ are 3, and that of Z' is 6. Coordinates on Z' are
{x% d"}, where x € M' is a point on the base body in
its current configuration, and d is the updated state vector.
Tangent bundles are expressed as direct sums of horizontal
and vertical distributions as in (51):

TZ=HzZeVZ,  TZ' =HZ eVZ. (60)
Deformation of Z to Z' is locally represented by the smooth
and invertible coordinate transformations

x=x"(x%D%),  d=B3D% (61)

where the director deformation function is, in general,
B, = B}, (X, D). (62)

Introduce the smooth scalar order parameter field # € M
as in (59), where 1 = 5(X). Here D is identified with the
reference gradient of #:

on (X)

s (63)

DA (X) = 648

For simplicity, here {X*} is taken as a Cartesian coordinate
chart on M such that X = 648X > and so forth. Similarly,
{x*} is chosen Cartesian. Generalization to curvilinear coor-
dinates is straightforward but involves additional notation.
Define the partial deformation gradient

0x" (X, D)

Fh(X.D) = S (64)
By definition and then from the chain rule,
X
ox
g (9X <a_;7) (65)
Oxb ox4
- Fh—lAaab(sABDB’
leading to
B (X,D) = F, "% (X, D) 6“8 1. (66)
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From (63) and (65), local integrability (null curl) conditions
oD*/ox® = 0DP/oX* and 9d"/ox® = 0d’/0x" hold.
As in Section 3, NQ(X, D) denote nonlinear connection
coefficients on Z, and the Finsler-type nonholonomic bases

0 0 B O A A A ;B
—=——-N,—, 6D” =dD” + N,dX". (67
8X4A  oxA < A0DB B (67)

Let Ny = N 1‘38;65 denote nonlinear connection coefficients
on Z' [38], and define the nonholonomic spatial bases as

5 9,0

= s Odi=dd's Nidx®. (68)

ox%  0x“

Total deformation gradient § : TZ — TZ' is defined as

®dX" + xﬁAi ®8D%  (69)

- - .0
%—F+F—x|A 347

Ox%

In component form, its horizontal and vertical parts are, as in
(55) and the theory of [38],

(70)

As in Section 3.3, a fundamental Finsler function L(X, D),
homogeneous of degree one in D, is introduced. Then

2 2
G, -1 o (1°) . 71)
AB ™ ) ODAODP’

A _ 1 _ap(0Ggp  9dGcp aGBC)
= -G - ; 72
Ysc =5 ( axC " oxP  axP 72)
10GA
Ng = Eﬁ) GA = ngDBDC; (73)
_ 1 aGAB _ 1 a3 (Lz) (74)

ABC = 5°3DC ~ 4 9D4DPFADC’

A _ lGAD 0Ggp N 0Gep  8Gpe
BC™ 2 DGR 'CRN G

(75)

Specifically for application of the theory in the context of
initially homogeneous single crystals, let

1/2 0 0 1/2
L = [x,D*D"] :[KAB<M—”A><K@>] . (76)

Kup = Gap = 0,400ppG " = constant. (77)

The metric tensor with Cartesian components x5 is iden-
tified with the gradient energy contribution to the surface
energy term in phase field theory [53], as will be made explicit
later in Section 4.3. From (76) and (77), reference geometry {
is now Minkowskian since the fundamental Finsler function
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L = L(D) is independent of X. In this case, (72)-(75) and
(67)-(68) reduce to

T =yl =Ch =0  Ni=0, =0
5 0 A
oxA ~axn O T 78)
)
= > 6da = dda.
ox*  0x°

Horizontal and vertical covariant derivatives in (69) reduce
to partial derivatives with respect to X* and D, respectively,
leading to

0x 0 d A+ 0x 0 dDA

8= XA DA od" ©
(79)
- L gaxt+vi-L gap?
= Aax“ ® +Vy, 5da ® .
When x = x(X), then vertical deformation components

F3 = V4 = 0. In a more general version of (76) applicable
to heterogeneous material properties, k45 = K4 5(X, D) and is
homogeneous of degree zero with respect to D, and the above
simplifications (i.e., vanishing connection coefficients) need

not apply.

4.3. Governing Equations: Twinning Application. Consider a
crystal with a single potentially active twin system. Applying
(59), let #(X) = 1 VX e twinned domains, #(X) = 0 VX €
parent (original) crystal domains, and (X) € (0,1) VX €in
twin boundary domains. As defined in [53], let y, denote the
twinning eigenshear (a scalar constant), m = m,dX* denote
the unit normal to the habit plane (i.e., the normal covector
to the twin boundary), and s = s*(0/0X™) the direction of
twinning shear. In the context of the geometric framework
of Section 4.2, and with simplifying assumptions (76)-(79)
applied throughout the present application, s € TM and
m € T*M are constant fields that obey the orthonormality
conditions

(s,m) = s"my <aXiA,dXB> =s*'m,=0.  (80)

Twinning deformation is defined as the (}) tensor field

0
m_=A B
E=Bp—0®dX =1+y,0s®m,
0x4 (81)

Ex [1(0] = 85 + 109 [ (X)] s™m.

Note that detE = 1 + y,¢(s,m) = 1. Scalar interpolation
function ¢(#) € [0, 1] monotonically increases between its
endpoints with increasing #, and it satisfies ¢(0) = 0, ¢(1) =
1, and ¢'(0) = ¢'(1) = 0. A typical example is the cubic
polynomial [53, 59]

P[n0)] =3[0 -2[rX]. (82)

The horizontal part of the deformation gradient in (79) obeys
a multiplicative decomposition:

F=AE,  F}=A%% (83)

9
The elastic lattice deformation is the two-point tensor A:
A=4" gdx?P-Fs - F(l-ygs@m). (84)
= Aaga =te = Yo :

Note that (83) can be considered a version of the Bilby-
Kroner decomposition proposed for elastic-plastic solids [8,
62] and analyzed at length in [5, 11, 26] from perspectives of
differential geometry of anholonomic space (neither A nor
E is necessarily integrable to a vector field). The following

energy potentials, measured per unit reference volume, are
defined:

v (. n.D) =W (F.n) + f (1.D); (85)
W=WI[AFn)], fmD)=ar (1-n)+L*[D).
(86)

Here, W is the strain energy density that depends on elastic
lattice deformation A (assuming V§ = xﬁA = 0 in (86)),
f is the total interfacial energy that includes a double-well
function with constant coefficient o, and L* = x,zD*D?
is the square of the fundamental Finsler function given in
(76). For isotropic twin boundary energy x5 = x,0 45, and
equilibrium surface energy I, and regularization width I,
obey x, = (3/4)T,l, and « = 12T,/I; [53]. The total energy
potential per unit volume is . Let Q be a compact domain
of Z, which can be identified as a region of the material body,
and define the total potential energy functional

¥ [x (X),7(X)] = JQ ydo, o
7

dQ = |det (G,p)|* dX'--- AdX" AdD" --- AdDP.

Recall that for solid bodies, n = p = 3. For quasi-static con-
ditions (null kinetic energy), the Lagrangian energy density
is & = —y. The null first variation of the action integral,
appropriate for essential (Dirichlet) boundary conditions on
boundary 0, is

ST (Q) = ~W = -J SydQ = 0, (88)
Q

where the first variation of potential energy density is defined
here by varying x and # within ), holding reference coordi-
nates X and reference volume form d() fixed:

_awaax“+<a_w+g> Of 9y
Y=o ox2 "\ oy T oy DA 9XA"

(89)

Application of the divergence theorem, here with vanishing
variations of x and # on 0Q, leads to the Euler-Lagrange
equations [53]

oP;! _ a(aw/ax?A)
oxA B

ox4

of oDA g
- =2 — =2 —_.
ST o T aBox, T TABRX 0X,

(90)
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The first Piola-Kirchhoff stress tensor is P = 0W/OF, and
the elastic driving force for twinning is ¢ = dW/d#. These
equations, which specify mechanical and phase equilibria, are
identical to those derived in [53], but have arrived here via
use of Finsler geometry on fiber bundle {. In order to achieve
such correspondence, simplifications L(X, D) — L(D) and
x(X,D) — x(X) have been applied, the first reducing
the fundamental Finsler function to one of Minkowskian
geometry to describe energetics of twinning in an initially
homogeneous single crystal body (x 45 = constant).

A more general and potentially powerful approach would
be to generalize fundamental function L and deformed
coordinates x to allow for all possible degrees-of-freedom.
For example, a fundamental function L(X, D) corresponding
to nonuniform values of x,5(X) in the vicinity of grain
or phase boundaries, wherein properties change rapidly
with position X, could be used instead of a Minkowskian
(position-independent) fundamental function L(D). Such
generalization would lead to enriched kinematics and nonva-
nishing connection coeflicients, and it may yield new physical
and mathematical insight into equilibrium equations—for
example, when expressed in terms of horizontal and vertical
covariant derivatives [30]—used to describe mechanics of
interfaces and heterogeneities such as inclusions or other
defects. Further study, to be pursued in the future, is needed
to relate such a general geometric description to physical
processes in real heterogeneous materials. An analogous
theoretical description could be derived straightforwardly to
describe stress-induced amorphization or cleavage fracture
in crystalline solids, extending existing phase field models
(54, 60] of such phenomena.

5. Conclusions

Finsler geometry and its prior applications towards contin-
uum physics of materials with microstructure have been
reviewed. A new theory, in general considering a deformable
vector bundle of Finsler character, has been posited, wherein
the director vector of Finsler space is associated with a
gradient of a scalar order parameter. It has been shown
how a particular version of the new theory (Minkowskian
geometry) can reproduce governing equations for phase
field modeling of twinning in initially homogeneous single
crystals. A more general approach allowing the fundamental
function to depend explicitly on material coordinates has
been posited that would offer enriched description of inter-
facial mechanics in polycrystals or materials with multiple
phases.
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